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Eﬀects of Acoustic Heterogeneity in Breast
Thermoacoustic Tomography
Yuan Xu and Lihong V. Wang, Senior Member, IEEE
Abstract—The eﬀects of wavefront distortions induced
by acoustic heterogeneities in breast thermoacoustic tomog-
raphy (TAT) are studied. Amplitude distortions are shown
to be insigniﬁcant for diﬀerent scales of acoustic hetero-
geneities. For wavelength-scale, or smaller, heterogeneities,
amplitude distortion of the wavefront is minor as a result
of diﬀraction when the detectors are placed in the far ﬁeld
of the heterogeneities. For larger-scale heterogeneities at
the parenchyma wall, by using a ray approach (geometric
optics), we show that no refraction-induced multipath in-
terference occurs and, consequently, that no severe ampli-
tude distortion, such as is found in ultrasound tomography,
exists. Next, we consider the eﬀects of phase distortions
(errors in time-of-ﬂight) in our numerical studies. The nu-
merical results on the spreads of point sources and bound-
aries caused by the phase distortions are in good agreement
with the proposed formula. After that, we demonstrate that
the blurring of images can be compensated for by using
the distribution of acoustic velocity in the tissues in the
reconstructions. The eﬀects of the errors in the acoustical
velocities on this compensation also are investigated. An ap-
proach to implement the compensation using only TAT data
is proposed. Lastly, the diﬀerences in the eﬀects of acoustic
heterogeneity and the generation of speckles in breast TAT
and breast ultrasound imaging are discussed.
I. Introduction
When an electromagnetic pulse is absorbed by biolog-ical tissue, the heating and subsequent expansion
causes the emission of acoustic signals; this phenomenon
is called the thermoacoustic eﬀect. In thermoacoustic to-
mography (TAT), the thermoacoustic signals from a tissue
sample are collected to map the distribution of the radia-
tion absorption within the sample. Radiation absorption is
closely related to the physiological and pathological status
of the tissue. For example, the microwave absorption rate
of cancerous breast tissue is two to ﬁve times greater than
that of the surrounding normal breast tissue. This diﬀer-
ence has been attributed to an increase in the amount of
bound water and sodium within malignant cells [1]-[3].
The TAT combines good imaging resolution with high
imaging contrast. Microwave imaging alone has the ad-
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vantage of good imaging contrast but suﬀers from poor
spatial resolution [4]–[7]. On the other hand, purely ultra-
sonic imaging has good spatial resolution but poor con-
trast. TAT capitalizes on the advantages of both methods.
There are a variety of reconstruction algorithms for
TAT [8]–[13]. By using the approximation that the dis-
tance between the detector and the absorbing object is
much larger than the dimensions of the absorbing object,
a three-dimensional (3-D) radon transform has been used
to reconstruct objects in TAT [8]. A time-domain, focused-
beam-forming technique also has been applied to image re-
construction in the photoacoustic scanning of tissue struc-
tures [9], and a delay-and-sum algorithm has been applied
to microwave-induced TAT [12]. The above reconstructions
were implemented in the time domain. In the frequency do-
main, exact reconstruction algorithms for TAT have been
implemented in planar, cylindrical, and spherical conﬁgu-
rations with series expansion techniques [11]–[13].
An important assumption in the above reconstruction
algorithms is that the tissue is acoustically homogeneous.
For many medical imaging applications, including imaging
of the female breast, this assumption is an approximation.
For example, the speed of sound in the breast can vary
from 1400 m/s to 1550 m/s. Errors due to the assumption
of a constant acoustic speed, which has never been studied
in TAT, potentially can have a pronounced eﬀect on image
quality. In breast ultrasound tomography (UT), however,
wavefront distortion has been studied extensively [14]–[17].
The amplitude distortion caused by refraction dominates
the phase distortion induced by acoustic speed variation
in the breast UT [15]. Refraction occurs where there is a
speed mismatch across a tissue interface. Because of refrac-
tion, rays from a single source can reach the same receiver
by diﬀerent paths, as shown in Fig. 1. The interference
between these rays causes strong amplitude distortions in
breast UT. Diﬀerent deaberration methods have been pro-
posed to compensate for phase distortion in UT [18], [19].
However, so far they have been inadequate to correct the
strong amplitude distortion caused by refraction [20].
The eﬀects of acoustic heterogeneity on breast TAT are
estimated to be weaker than those in breast UT for the
following reasons. First, signals in breast TAT are primar-
ily in a lower frequency range (usually below 1.5 MHz [21])
than those in UT. Ultrasound scattering in this frequency
range is weak. Second, in TAT, the acoustic source is in-
duced by electromagnetic absorption; therefore, only one-
way distortion on reception wave propagation occurs. As
shown in Fig. 2, an acoustic ray, for example SB1D, needs
to pass through interface Σ only once. In contrast, in pure
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Fig. 1. Multipath interference caused by refraction at boundary
points B1 and B2 in breast ultrasound imaging in transmission mode.
S is a point source and D is a detector.
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Fig. 2. Ray refraction at the parenchyma wall with breast TAT. The
outer oval represents the breast surface, in which there is negligible
refraction due to the good match of acoustic speed between fat and
mineral oil. The solid line SB1D represents a ray in the heteroge-
neous model; the dashed line SB2D represents that in a homogeneous
model. S is a point source and D is a detector; B1, B2 are two points
at the parenchyma wall.
ultrasound imaging, either in the pulse-echo mode or in
the transmission mode, ultrasound distortion includes two
parts: distortion during both transmission and reception
wave propagation. Therefore, the acoustic wave has to pass
through the interface at least twice, as shown in SB2B1D
in Fig. 1. Third, if the detection distance from the ob-
jects are properly chosen, the eﬀects of amplitude distor-
tion can be minimized in breast TAT, as will be shown in
Section III.
In our work, we analyze the eﬀects of amplitude dis-
tortion and numerically simulate the eﬀects of phase dis-
tortion with the truncated conjugate gradient [22] (TCG)
method. In Section II, we derive equations for the forward
problem in an acoustically homogeneous model, which
yields acoustic pressure from a known distribution of mi-
crowave absorption. In Section III, we investigate the ef-
fects of refraction on the wavefront amplitude and phase
in breast TAT. We prove that, in breast TAT, a convex
parenchyma wall (when observed from the outside of the
parenchyma tissue) does not cause multipath interference
and that the eﬀects of amplitude distortion also are not
severe for a concave boundary. An equation for the for-
ward problem in an acoustically heterogeneous model also
is introduced at the end of Section III. The inversion al-
gorithm of TCG, and the model and parameters used in
the numerical simulations, are presented in Section IV.
In Section V, the eﬀects of phase distortion are studied
numerically. We show how the degradation of the recon-
structed images depends on acoustic heterogeneity when
acoustic heterogeneity is not considered in the reconstruc-
tion algorithm. Correction of phase distortion should be
the ﬁrst step for improving image quality in breast TAT
because phase is much more important in imaging than
amplitude when there is no severe amplitude distortion
[23], [24]. Therefore, the reconstructions are implemented
with consideration of acoustic velocity heterogeneity to il-
lustrate how the imaging degradation can be compensated
for. The eﬀects of the errors in the acoustical velocities
on this compensation also are investigated. In Section VI,
an approach to implement compensation with only TAT
data is proposed. The diﬀerences between breast TAT and
breast ultrasound imaging on the eﬀects of acoustic het-
erogeneity and speckles are explained by their diﬀerences
in central ultrasound frequency and detection geometry.
Section VII presents conclusions.
II. The Forward Problem in a Homogeneous
Model
We begin by deriving a formula for the forward problem
for an acoustically homogeneous model, then modify it at
the end of Section III to consider velocity heterogeneity. In
the case of thermal conﬁnement, the acoustic wave at point
r and time t, p(r, t), is related to the microwave absorption
H(r, t) by the following wave equation [25]:
∂2p(r, t)
∂t2
− v2s0∇2p(r, t) =
β
C
∂H(r, t)
∂t
, (1)
where vs0 is the acoustic speed, C is the speciﬁc heat, and
β is the coeﬃcient of the volume thermal expansion. (1)
can be rewritten in terms of H(r, t):
p(r, t) =
β
4πC
∫∫∫
∂H(r′, t′)
∂t′
dr′
|r − r′| , (2)
where t′ = t − |r − r′|/vs. The source term H(r, t) can
further be written as the product of a spatial component
and a temporal component, i.e.:
H(r, t) = I0ϕ(r)η(t), (3)
where I0 is a scaling factor proportional to the incident
radiation intensity, ϕ(r′) describes the to-be-reconstructed
microwave absorption properties of the medium at r′, and
η(t) describes the shape of the irradiating pulse. Substi-
tuting (3) into (4) results in:
p(r, t) =
βI0
4πC
∫∫∫
ϕ(r′)
dη(t′)
dt′
dr′
|r − r′| . (4)
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We proceed by transforming the time-dependent wave
equation into the temporal-frequency domain. Denoting
the Fourier transforms of p and η by p and η, respectively,
we have:
p(r, t) =
∫ ∞
−∞
p(r, k) exp(ikt)dk,
η(t) =
∫ ∞
−∞
η(k) exp(ikt)dk.
(5)
Substituting (5) into (4) results in:
p(r, k) =
iβI0kη(k)
4πC
∫∫∫
ϕ(r′)
exp (−ik|r − r′|/vs0)
|r − r′| dr
′.
(6)
Deﬁne p1(r, k) = p(r, k)/(2πη(k)), substitute it into (6),
apply an inverse Fourier transform to both sides of the
equation, and obtain the following equation:
p1(r, t) =
vs0βI0
4πC
∂
∂t
∫∫
t=tf (r′,r)
ϕ(r′)
|r − r′|dr
′, (7)
where
tf (r′, r) = |r − r′|/vs0, (8)
is the time-of-ﬂight (TOF) from to r′ to r; p1(r, t) is the
deconvolution of p(r, t) with respect to the length of the
microwave pulse and can be interpreted as the detected
pressure signal when the microwave pulse is inﬁnitely nar-
row. The physical meaning of this equation is that, in an
acoustically homogenous medium, the pressure p1, at a
spatial point r and time t, is proportional to the ﬁrst-order
temporal derivative of the integration of the absorbed mi-
crowave energy over a spherical surface [a circle in the two-
dimensional (2-D) case]. The spherical surface is centered
at r and has a radius of tvs0.
III. The Effect of Acoustic Heterogeneity
in TAT
A TAT model is shown in Fig. 2. In our imaging system,
mineral oil is chosen as the coupling medium for both mi-
crowaves and ultrasonic waves. The acoustic speed in min-
eral oil is 1437 m/s [26], which is very close to that in fat
[27]. Therefore, there should be negligible refraction at the
boundary between the breast and the mineral oil; conse-
quently, we will consider only the eﬀects of the acoustical
heterogeneity within the breast. More details on our TAT
experimental setup can be found in [12].
A. Amplitude Distortion Caused by Refraction
Fig. 1 shows the multipath interference in breast ul-
trasound imaging in transmission mode. The acoustic ray
from source S can travel to detector D by two diﬀerent
paths, SD and SB2B1D, due to refraction at the inter-
faces between diﬀerent tissues. The interference between
.
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Fig. 3. Diagram showing that no two rays from a point source S will
intersect with each other after being refracted at a convex boundary
Σ and entering a medium with a slower acoustic speed. S is a point
source; D1 and D2 are detectors; φ1, φ2, and φ3 are the incidence
angles; θ1, θ2, and θ3 are the transmission angles; the solid lines rep-
resent acoustic rays; B1, B2, B3 are three points at the parenchyma
wall; vp, vs0 are the mean acoustic speeds in the parenchyma tissue
and the fat tissue, respectively; and vp > vs0.
the two rays can cause amplitude distortion [15]. In the
following subsections, we will ﬁrst prove that there is no
multipath interference in the case of a convex parenchyma
wall in breast TAT. Then, we will show that the amplitude
distortion also is not severe for a concave parenchyma wall.
1. Convex Boundary: In this subsection, we will show
that there is no multipath interference in the TAT of the
breast with a convex parenchyma wall by proving that
no two rays from a source within the parenchyma will in-
tersect with each other after refractions at the wall. The
model is shown in Fig. 3, where S is an acoustic source; vp
and vs0 are the acoustic speed in the breast parenchyma
and the medium (also the fat), respectively (vp > vs0); the
dashed lines are the normals of the boundary at points B1,
B2, B3, respectively; φ1, φ2, and φ3 are the angles of in-
cidence; θ1, θ2, and θ3 and are the angles of transmission;
and the solid lines represent the acoustic rays. Because
the boundary is convex, it can be inferred that rotation
from the normal at point B2 to the normal at point B1
is clockwise and the angle is θ0 (positive). We also have
φ2 < θ0 + φ1, which can be seen by extending lines SB2
and SB1 to the outside of the boundary and noticing that
SB2 and SB1 will never intersect outside the boundary.
To prove B2D2 and B1D1 will not intersect outside the
boundary, we need to show θ2 < θ0 + θ1. According to
Snell’s law, we have:
sin θ2 = (1 − α) sinφ2,
sin θ1 = (1 − α) sinφ1,
(9)
where α = 1 − vs0/vp, which is positive when vp > vs0.
The problem can be discussed under two conditions:
φ2 < φ1. In this case, according to (9), we have θ2 < θ1
and therefore θ2 < θ0 + θ1. And
φ2 ≥ φ1. (9) can be transformed to:
sin
(
θ1 − φ1
2
)
= − α sin(φ1)
2 cos ((θ1 + φ1) /2)
,
sin
(
θ2 − φ2
2
)
= − α sin(φ2)
2 cos ((θ2 + φ2) /2)
.
(10)
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Because φ2 ≥ φ1 and consequently θ2 ≥ θ1, it is straight-
forward to obtain θ2 − φ2 ≤ θ1 − φ1 from (10). Using
φ2 < θ0+φ1, we have θ2 < θ0+θ1. In conclusion, we prove
that, after the rays from a point source go into another
medium with a slower acoustic speed, the rays cannot in-
tersect with each other when the interface is convex. In an-
other words, for any pairing of point source and detector,
there is only one acoustic path that satisﬁes Snell’s law.
Consequently, no multipath interference occurs and ampli-
tude distortion can be ignored. This conclusion also can be
applied to a boundary with wavelength-scale concave seg-
ments. This kind of boundary can be treated as a convex
boundary approximately because the eﬀects of the small
concave segments can be neglected when the detectors are
placed in the far ﬁeld of the segments, as will be shown in
the following subsection. In contrast, multipath interfer-
ence does occur after rays pass a convex parenchyma wall
in ultrasound imaging, as shown in Fig. 1. This diﬀerence
makes the amplitude distortion in TAT of the breast with a
convex, or approximately convex parenchyma wall, smaller
than that in pure ultrasound imaging.
2. Concave Boundary: We realize that, in reality, the
boundary between mammary tissue and subcutaneous fat
tissue might be concave and quite irregular. In this subsec-
tion, we will show that the amplitude distortion caused by
a concave boundary is not severe. Basically, this conclu-
sion can be explained as follows. With wavelength-scale or
smaller heterogeneities, amplitude distortion of the wave-
fronts is minor due to diﬀraction when the detectors are
placed in the far ﬁeld of the irregular boundary segment.
When the size of the concave segment is larger, according
to the imaging formula of concave boundaries shown be-
low, only imaginary images exist after the wavefronts from
real objects pass through the concave boundary. Equiva-
lently, no two rays from a point source will intersect with
each other after passing through the concave boundary
segment and no strong amplitude distortion occurs. In the
following subsection, we will deﬁne two kinds of multipath
interference: focusing-type and nonfocusing-type interfer-
ences. The former can induce amplitude distortion in both
narrowband and broadband signals; the latter can induce
only amplitude distortion in narrowband signals. As a con-
sequence, we need only examine in detail the focusing-type
interference, because signals in breast TAT are broadband.
Deﬁnition of focusing-type and nonfocusing-type inter-
ferences. Fig. 4 shows the two diﬀerent kinds of multipath
interferences. Three diﬀerent ray paths SB1D, SB2D,
SB3D from source S to detector D are shown, and each
of them is assumed to satisfy the refraction law. The
SB1D and SB2D can be considered as a small modiﬁ-
cation of the straight line SD due to weak heterogeneity,
and SB3D is far away from SD. We use focusing-type in-
terference to refer to the interference between pulses along
the paths with the same TOFs. The interference between
SB1D and SB2D is of this type. This is because SB1D
and SB2D satisfy the refraction law, and their TOFs are
local minima according to Fermat’s principle [28]. Conse-
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Fig. 4. Diagram to show two types of multipath interferences
caused by a concave boundary: focusing-type interference between
SB1D and SB2D and nonfocusing-type interference between SB1D
(SB2D) and SB3D. In a focusing-type interference, the diﬀerent rays
have approximately the same TOF, which consequently yields con-
structive interference and strong amplitude distortion. In this case,
the boundary segment around B1B2 can be considered as a lens.
In nonfocusing-type interference, the diﬀerence of the TOFs along
two rays is larger than the pulse width; consequently, the pulses are
separated temporally and no strong amplitude distortion occurs. See
Fig. 3 for the symbols’ deﬁnitions.
quently the rays around SB1D and SB2D should have
almost the same TOF. After noticing that B1 and B2
are close to each other, it can be inferred that SB1D and
SB2D have the same TOFs. Actually, the boundary seg-
ment around B1B2 can be considered a focusing lens and
can produce strong amplitude distortion even for broad-
band pulses, as veriﬁed by the strong amplitude distor-
tion in broadband breast ultrasound imaging [15]. As a
contrast, we use nonfocusing-type interference to refer to
the interference between the pulses along paths with dif-
ferent TOFs. The interference between SB3D and SB1D
(SB2D) is a nonfocusing-type interference, because B3 is
far from B1 and B2, and generally it can be assumed that
|tSB1D − tSB3D| and |tSB2D − tSB3D| (tSB1D, tSB2D, and
tSB3D are the TOFs along ray paths SB1D, SB2D, and
SB3D, respectively) are larger than 1 µs, the average pulse
width of thermoacoustic signals in our RF TAT experi-
ments. Consequently, the pulse along SB3D is separated
temporally from the pulses along SB1D, SB2D, and the
interference between SB3D and SB1D (SB2D) is insignif-
icant. Similar analyses can be found in the pure ultrasound
imaging literature [15].
The signals along SB3D may introduce artifacts in
the reconstructed images because detector D receives two
pulses from source S—one along SB1D and SB2D, and
the other along SB3D. To estimate the eﬀects of signals
along path SB3D, we numerically simulate refractions at
arbitrary boundaries, at which the locations of source S
and detector D are randomly chosen. We ﬁnd that the
SB3D-type refraction rarely occurs. Therefore, we expect
the artifacts introduced by the signals along SB3D to be
insigniﬁcant; and, in the following studies, we consider only
focusing-type interference.
Analysis of focusing-type interference. For a boundary
segment with a size of 2a much larger than the wavelength
of interest λ, we will use a ray model to study the eﬀects
of refraction. To have focusing-type interference, the posi-
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tions of the source and detector must satisfy the following
equation:
1
lSB1/ cosφ1
+
1
lB1D(1 − α)/ cosφ1
=
α
R1
=
1
f
,
(11)
where f is the focal length of segment B1B2 in Fig. 4 and
f = Rl/α; Rl is the radius of the segment; and lSB1 and
lB1D are the lengths of line SB1 and DB1, respectively.
The derivation of (11) can be found in Appendix A. To
have a real image, or equivalently to have two rays inter-
sect after passing through boundary segment B1B2, (11)
requires:
lSB1/ cos(φ1) > Rl/α. (12)
Next, we derive another requirement due to diﬀraction
for the occurrence of strong amplitude distortion. The
smallest beam width after a wavefront passes through a
boundary segment with a size of 2a is lB1Dλ/a, where λ is
the wavelength of the acoustic wavefront. To induce strong
focusing, for example, to have a beam width smaller than
a at D, we need to have:
lB1D < a
2/λ. (13)
The right-hand side of the above inequality is the same as
the deﬁnition of the near-ﬁeld length of a plain transducer
when a is considered as the radius of the transducer. It is
well-known that the amplitude can change rapidly in the
near ﬁeld due to the acoustic interference, but it is much
smoother in the far ﬁeld. Similarly, if the detector is placed
within the far ﬁeld of the concave boundary segment, the
amplitude distortion will be less severe in TAT.
Eq. (13) is derived for the case in which a wave-
front propagates perpendicularly to the boundary seg-
ment. When a wavefront is incident obliquely upon the
segment B1B2, the eﬀective size of the lens in (13) should
be the projection of its geometrical size onto the plane
perpendicular to the propagation direction of the incident
wave. Then we have:
lB1D < (a cosφ1)
2/λ. (14)
By combining (14), (12), and Rl > a, we obtain the follow-
ing requirement for inducing strong amplitude distortion
after passing through the boundary:
lSB1 >
√
lB1Dλ
α
. (15)
It can be seen from this equation that when lB1D is
large enough:
lB1D >
(lSB1α)
2
λ
, (16)
the strong amplitude distortion can be minimized. Notice
that the required minimum detection distance in (16) in-
creases linearly with the frequency of the wave.
In the derivation of (11), ray theory is utilized. Ray
theory is valid under the following conditions [29]:
lB1D  4a2/λ, (17)
and
2a  λ. (18)
Eq. (17) is similar to (13), but the former is stronger;
(17) states that the ray model is valid when the wave prop-
agation distance from the heterogeneity is much smaller
than 4a2/λ; beyond that distance, diﬀraction must be con-
sidered. In our analysis of amplitude distortion in TAT, we
extend the eﬀective range of the ray model from (17) to
(13). This is based on the assumption that the ray model
overestimates the wavefront distortions due to ignorance
of the diﬀraction eﬀect. Therefore, if the analysis using ray
theory shows that there is only minor amplitude distortion
when (16) and (18) are met, the analysis from the exact
wave equation should yield the same result.
For a wavelength-scale boundary segment (e.g., 2a <
4λ), (18) is violated, and (16) cannot be applied. In this
case, strong amplitude distortion can be minimized by
placing the detector within the far ﬁeld of the heterogene-
ity:
lB1D > 4λ, (19)
where we have substituted 2a < 4λ into (13). Combining
(16) and (19), we obtain the minimum detection distance
for avoiding strong amplitude distortion induced by diﬀer-
ent scales of heterogeneities:
lB1D > max
[
(lSB1α)
2
λ
, 4λ
]
, (20)
where max[] represents computing the maximum. Using
the following parameters, lSB1 < 10 cm (the assumed
size of the breast parenchyma), and α = 0.07, in which
the mean velocity in the subcutaneous zone vf and the
breast parenchyma vp are assumed to be 1437 m/s [28]
and 1546 m/s [30], respectively, we have lB1D > 4.9 cm
for 1.5 MHz ultrasound and lB1D > 1.63 cm for 0.5 MHz
ultrasound. These requirements can be met easily in TAT
experiments. For ultrasound waves with a frequency less
than 0.5 MHz, it is not necessary to apply (20), because
ultrasound scattering by soft tissue in this frequency range
can be neglected and no severe amplitude distortion is ex-
pected.
The above analysis is made for 2-D TAT. This corre-
sponds to the experimental conﬁguration in which a lin-
ear, or ring array of transducers with a cylindrical surface
is used, and a section image of the breast in the detec-
tion plane is desired. However, because of the refraction at
the parenchyma wall, the thermoacoustic waves from the
objects within the detection plane might deviate out of
the plane. On the other hand, the signals collected in the
detection plane are transmitted by the objects out of the
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detection plane rather than within it. Consequently, the
obtained image is actually a projection of the out-of-plane
objects onto the detection plane. To reduce this kind of
error, we can use the technique of compressing the breast
against the chest wall, which has proven to be eﬀective in
reducing wavefront distortions in breast ultrasound imag-
ing. After the compression, the acoustic signals can pass
through the interface more or less perpendicularly. How-
ever, the ultimate solution to this problem is 3-D TAT.
Most of the 2-D results on amplitude distortions (e.g.,
(14), (16), (20), and the results on phase distortions shown
later) can be directly applied to 3-D TAT; (11) also can
be applied to analyze a 3-D convex boundary locally by
substituting −Rl for Rl. Then, it is straightforward to see
that in a 3-D case no two rays can intersect with each other
after passing a convex boundary segment.
In summary, our analysis shows that, in RF breast TAT,
if the detection is made at a distance to the breast sur-
face required by (20), the amplitude distortion caused by
the refraction at the parenchyma wall is not important be-
cause of the diﬀraction eﬀect and the fact that TAT signals
are broadband, have low central frequency, and experience
only one-way transmission through the parenchyma wall.
The eﬀect of intramammary fat lobules will be addressed
in Section VI. Therefore, in the following analysis and sim-
ulations, we will consider only phase distortion.
B. Phase Distortion Caused by Refraction and
Speed Variation
If the background is acoustically homogeneous, an
acoustic ray from source S in Fig. 2 goes along the straight
line SD to reach detector D. When there is acoustic het-
erogeneity, an acoustic ray goes along line SB1D because
of refraction at the interface. Assume there is no change
in the shape of the acoustic pulse caused by acoustic het-
erogeneity. The TOF from source S to detector D in the
acoustically heterogeneous model is:
tSB1D =
∫
SB1D
dl/vs(r′′), (21)
where vs(r′′) is the local acoustic speed, and r′′ is a point
within line SB1D. Now, we will show that tSB1D can be
approximated to the second order of a small value ε =
(vs(r′′) − vs0)/vs0 by tSD =
∫
SD
dl/vs(r′′), where vs0 is
the velocity used in the acoustically homogeneous model.
According to Fermat’s principle, an acoustic ray travels on
the fastest path. In other words, SB1D is a local minimum
of TOF. Now assume B1 is displaced to B′ by a small
distance q = |BB′|,
q
lSD
= o(ε). (22)
After expanding tSB′D around tSB1D with respect to q,
we have:
tSB′D = tSB1D + q
∂tSB′D
∂q
∣∣∣∣
q=0
+ o(ε2). (23)
Recalling that SB1D is a local minimum, we have
∂tSB′
1
D
∂q
∣∣∣∣
q=0
. Substituting it into (23) and assuming
lB2B1/lSD = o(ε) due to the weak acoustic heterogeneity
in breast tissue, we have:
tSD =
∫
SD
dl/vs(r′′) = tSB1D + o(ε
2). (24)
The above result can be understood in the following
way. Although the path length of SB1D in Fig. 2 is longer
than that of SD and (lSB1 + lDB1 − lSD) /lSD = o(ε),
path SD has a longer part within the slow-speed area than
path SB1D. The combination of the two opposite eﬀects
leads to the cancellation of the ﬁrst-order term of ε in (24).
Next we will show that the approximation of tSB1D by
tSD includes most of the ﬂight-time variation induced by
acoustic heterogeneity. The TOF from source S to detec-
tor D in an acoustically homogeneous and heterogeneous
model is lSD/vs0 and tSB1D, respectively. The diﬀerence
between them is:
δt = |tSB1D − lSD/vs0|
= |tSB1D − tSD + tSD − lSD/vs0|
≈ ∣∣o(ε2) + tSD − lSD/vs0∣∣ ≈ o(ε),
(25)
where we used (24). Combining δt with (24), we have:
|tSD − tSB1D|
δt
= o(ε). (26)
Therefore, the error in the approximation of tSB1D by
tSD is not important. At last, it should be pointed out that
our analysis of TOF can be applied to both 2-D and 3-D
TAT.
C. Forward Formula in an Acoustically
Heterogeneous Model
In our analysis of TOF, we consider only a single in-
terface. The results can be extended to the case involving
several interfaces. In general, the TOF from r to r′ can be
expressed as:
tf (r′, r) =
∫
L(r′,r)
dl/vs(r′′) + o(ε2), (27)
where L(r′, r) is the straight line from r′ to r, and r′′ lies
within the line L. Combining (27) and (7), we obtain the
forward formula for acoustically heterogeneous TAT.
Our analysis of TOF is in agreement with the results
from a more rigid model [31]. It was reported that the
variation in travel time caused directly by acoustic speed
heterogeneity is a ﬁrst-order perturbation, and that the
eﬀect of the ray bending on the travel times is a second-
order one. For breast tissue, which is weakly acoustically
heterogeneous, it is enough to consider the ﬁrst-order per-
turbation by computing the integral of the slowness per-
turbation along straight lines, as shown in (27).
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IV. Implementation and Modeling of Numerical
Simulations
A. Numerical Implementation
It can be seen from (7) that p1(r, t) can be obtained
from ϕ(r′) after applying two linear operations to it: one
is integration over the object space, the other is diﬀeren-
tiation over t. Therefore, in its discrete form, (7) is a set
of linear equations:
Mϕ = p, (28)
where M is the matrix representing the product of the
two linear operators. The standard techniques of solving
a linear equation system can be used. We adopted the
TCG method to minimize the object function ‖Mϕ − p‖
in the sense of least square root and no preconditioner
is used. In the implementation of TCG, instead of the
whole matrix M, a function that gives the multiplication
of matrix M and its adjoin with an arbitrary vector is re-
quired. Consequently, the demand on computer memory
is reduced greatly, compared with many other techniques
that require storing the whole matrix M in memory. An-
other advantage of TCG is that an approximate result can
be obtained by stopping the iteration before reaching the
full convergence. The truncation not only saves compu-
tation time but also provides a way of regularization for
stabilizing the results. In (28), we use the Savitzky-Golay
smoothing method [32], rather than the ﬁnite diﬀerentia-
tion method to implement the operation of the ﬁrst-order
temporal derivative, as the former yields a much smoother
and more accurate result than the latter when data are
noisy. We truncated our simulations after 15 iterations,
which corresponds to the relative changes in the norms of
the results, about 0.7% for the acoustically homogeneous
model and up to 6% for the acoustically heterogeneous
model. In both cases, further iterations yield little visible
improvement to image and may induce instability.
In our simulations, we choose the 2-D case rather than
the 3-D case because the computational complexity can
be reduced and because it is much easier to interpret and
graph a 2-D image. For the 2-D case, the integration in (7)
is over a curve instead of a spherical surface:
p1(r, t) =
βI0vs0
4πC
∂
∂t
∮
t=tf (r′,r)
ϕ(r′)
|r − r′|dr
′, (29)
where tf is determined by (27). Nevertheless, the conclu-
sions of a 2-D case can be extended to a 3-D one.
B. Model and Parameters in Numerical Simulations
Fig. 5(a) and (b) illustrate the acoustic and RF ab-
sorption models of the breast, respectively. The acoustic
model of the breast in our simulations is based on ex-
perimental results on the distribution of acoustic speed in
the breast [27]–[30]. Acoustic speed in the breast may vary
Fig. 5. (a) Distribution of acoustic velocity normalized to vs0 for a
breast model. The breast surface is represented by the outer circle;
the wall between the breast parenchyma and the subcutaneous fat
is represented by the inner irregular boundary. (b) The microwave
absorption distribution in our model. The four small spots represent
the assumed tumors.
from 1400 m/s to 1550 m/s. Generally, a zone of low veloc-
ity (1400–1450 m/s) characterizes subcutaneous fat [33].
The speed in normal dense parenchyma is higher, vary-
ing from 1500 m/s to 1550 m/s [30]. In Fig. 5 the outer
circles, with a radius of 50 mm, represent the breast sur-
face. The inner irregular boundaries, which are generated
by randomly modifying a circle, represent the walls of the
breast parenchyma. The size of the parenchyma tissue was
changed in diﬀerent simulations because the ratio of breast
parenchyma to subcutaneous fat may change with age.
Usually, a young female breast has less fat than an older
one does. The mean velocity in the subcutaneous zone vf
and the breast parenchyma vp are set to be 1437 m/s [27]
and 1546 m/s [30], respectively. A random component,
which is a normal distribution with a mean of zero and
a variance of 33 m/s, is added to the velocity distribution
to simulate the velocity ﬂuctuations in the subcutaneous
zone [33] and the breast parenchyma [30]. Later, our sim-
ulation results show that the random component of ve-
locity will induce little spread in the images due to the
cancellation after integration. To ensure that the acous-
tic speed does not change sharply within each tissue, the
random component is smoothed spatially by introducing
a correlation length as shown below. The imaged area is
divided into patches with side dimensions of a correlation
length. The value of the random component at the center
of each patch is determined according to the normal dis-
tribution mentioned above; then the random component
within the patch decreases linearly to zero at the bound-
ary of the patch. We tried diﬀerent correlation lengths in
our simulations, from 12 mm (about the size of fat lob-
ules in parenchyma tissue) to 3 mm. The image degrades
more with increasing correlation length, but the diﬀerence
is minor. The correlation length was chosen to be about
6 mm for the reported results. The speed distribution in
Fig. 5 was normalized to 1437 m/s, which is assumed to
be the acoustic velocity in the medium surrounding the
breast and the mean acoustic speed in the subcutaneous
fat.
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The RF absorption model of the breast is shown in
Fig. 5(b). The boundary shapes are the same as in
Fig. 5(a). The RF absorption coeﬃcients in fat, tumors,
and the coupling oil are set to be 0.3, 3, and 0 after be-
ing normalized to that in the parenchyma. The tumors,
shown in Fig. 5(b) as dark spots, are placed evenly along
the horizontal direction to study the dependence of the
distortions in the images on the tumor locations. We set
the radii of the four tumors to about 1.2 mm to simulate
approximately the point-source spread caused by acoustic
heterogeneity.
The parenchyma wall in our simulation is generated as
the following equation: r(θ) = rp(1 + Ag(θ)), where r(θ)
is the radius of the boundary at angle θ, rp is the mean
radius of the boundary and is used to represent the size of
the parenchyma tissue, A is the distortion amplitude, and
g(θ) generates random numbers within [−1, 1].
The parameters in our simulations are chosen as follows
unless stated otherwise. Noise is added to the generated
signals so that the frequency range with signal-to-noise ra-
tio (SNR) larger than unity is from 0 to 1.5 MHz, which ap-
proximates our experimental results [21]. The radius of the
circle of detection is set to be 125 mm to meet (16); the an-
gle range of detection is 2π with 400 steps. An insuﬃcient
number of scanning steps can cause radial aliases in the
reconstructed image [13]. Thermoacoustic signals are sam-
pled for 108 µs at a sampling rate of about 14 MHz, which
is suﬃcient to meet the Nyquist criteria. The 100 mm by
100 mm imaging ﬁeld is mapped with a 256 by 256 mesh. In
our simulations, the thermoacoustic signals are generated
in an acoustically inhomogeneous model, and the recon-
struction is implemented for two cases—with and without
the consideration of acoustic heterogeneity.
V. Numerical Results
We ﬁrst study the eﬀect of acoustic heterogeneity on
imaging when acoustic heterogeneity is considered in the
forward problem but not in the reconstruction. In the re-
construction, vs(r) in (27) is set to be vs0. Then we show
how to improve image resolution after considering acous-
tic heterogeneity in the reconstructions. And, the eﬀects of
measurement errors in vf , vp and Σ on the improvement
are investigated.
A. Reconstruction Without Considering Heterogeneity
Fig. 6(a)–(d) shows the results when acoustic hetero-
geneity is not considered in the reconstructions. In the four
simulations, the mean radii of the parenchyma wall rp are
set to be 0.8, 0.6, 0.4, and 0.2 of the breast radius. The wall
is distorted randomly in the simulations, and the distor-
tion amplitude is 0.1. We measure the point-spread width
(PSW), which is the width of the image of a point source
along a speciﬁc direction minus its real size, 2.4 mm, and
the boundary spread width (BSW), which is the width of
the blurred parenchyma wall Σ in an image. It is clear from
Fig. 6. Images when acoustic heterogeneity is not considered in the
reconstructions. The mean radii of the parenchyma wall are set to be
(a) 0.8, (b) 0.6, (c) 0.4, and (d) 0.2 of the breast radius, respectively.
The point-spread width and the boundary-spread width increase lin-
early with the size of the parenchyma tissue. Note that the spread
of points outside the parenchyma tissue are much smaller than the
spread inside.
.
D1 D2 
B1 B2
S1
vs0 
vp 
S2
S
Σ
Fig. 7. Diagram for deriving (30), which estimates the spread of a
point source S along line D1D2 due to TOF error. S1 is the intersec-
tion of D1D2 with the backprojection arch of the signal transmitted
by source S and detected by detector D1; S2 is the corresponding
one at D2.
Fig. 6 that PSW and BSW increase with the radius of the
parenchyma wall. It is proved in Appendix B that the two
widths can be estimated by the following equation:
w = lpα, (30)
where lp is 2rp in the case of BSW; in the case of PSW, lp
is the length of a ray within the parenchyma tissue along
a speciﬁc direction (for example the length of B1B2 in
Fig. 7). The PSW is anisotropic because lp depends on
direction. This anisotropy of PSW can be veriﬁed by the
observation that the three tumors within the parenchyma
tissue in Fig. 6(a) and (b) have the same spread along the
horizontal direction, and their spreads along the vertical
direction decrease when the tumors are located away from
the center.
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Fig. 8. Quantitative results of the point-spread width and boundary-
spread width along the horizontal direction in eight simulations in
which the mean radius of the parenchyma wall changes from 0.1
to 0.8 of the breast radius using a step of 0.1. The corresponding
linear ﬁttings of PSW (dashed) and BSW (dash-dotted) are in good
agreement with the proposed formula (30).
Object A 
Object B 
Detection curve 
Fig. 9. Diagram showing that in TAT a π or wider view can provide
complete data for reconstruction. A view means the angle subtended
by the detection curve when observed from the to-be-imaged object.
Object A has a view larger than π, and object B has a view less
than π.
Fig. 8 shows the quantitative results (with an error of
±0.8 mm) of the PSW and BSW along the horizontal di-
rection in eight simulations in which the radius changes
from 0.1 to 0.8 of the breast radius with a step of 0.1. The
corresponding linear ﬁtting results for the PSW and BSW
are shown as dashed and dash-dotted lines, respectively.
The slopes of the two lines are 0.071 and 0.0705, respec-
tively, both of which are close to the estimated rate of 0.07
derived from (30) after substituting the parameters used
in our simulations, the radius of the breast rb = 50 mm
and α = 0.07.
Another interesting point in Fig. 6 is that the PSW
of the objects outside the parenchyma tissue are aﬀected
little by acoustic heterogeneity. Only minor artifacts are
observed near them. This is because in TAT a π or wider
view can provide complete data for reconstruction [34].
Here, a view means the angle subtended by the detec-
tion curve when observed from the to-be-imaged object.
For example, object A in Fig. 9 has a view larger than
π, and object B’s is less than π. If an object is outside
the parenchyma tissue, it has at least a π-view detection
range in which the medium between the object and the de-
tectors is acoustically homogeneous. Therefore, a perfect
image can be reconstructed from this part of the data. On
the other hand, the image reconstructed from the part of
signals that experience the heterogeneous medium is weak
Fig. 10. (a) Compensation for the degradation in images when com-
plete acoustic heterogeneity information is included in the recon-
structions. (b) Only exact vp, vf , and Σ are included to show the
insensitivity of improvement to a random component of the acoustic-
velocity distribution. (c) and (d) Images in which there are (c) 1%
and (d) 3% errors in vp, respectively. (e) Images in which Σ is scaled
down by 10%. (f) Images in which 20% random error is introduced in
Σ. These results show the stability of the improvement to the errors
in vp, vf , and Σ.
in amplitude because the ﬂight-time errors compromise the
build-up strength of the signals.
In addition to blurring of images, acoustic heterogeneity
increases the background noise level and decreases the val-
ues of reconstructed tumors, which consequently reduces
the contrast of tumors in the images and the detectability
of small tumors. A comprehensive quantitative study of
this issue will depend on the SNR of the hardware of the
imaging system, the parameters of the imaging system and
reconstruction algorithms, and the contrast of the to-be-
imaged objects. Meaningful conclusions should be made
based on relevant experimental data which we leave for
future study.
B. Reconstruction with the Consideration of Heterogeneity
The exact distribution of acoustic velocity is included
in the model in Fig. 10(a). Although the result is good,
it is not practical, because it is not feasible to obtain the
exact distribution of velocity in the breast by current tech-
nology. A much more practical situation is when the mean
velocities vf , vp, and boundary proﬁle Σ are approximately
known and the velocity ﬂuctuation within each area is un-
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Fig. 11. (a)–(f) Close-up images around the central tumor in Fig. 10.
Compensation for the degradation in images when complete acoustic
heterogeneity information is included in the reconstructions. (b) Only
exact vp, vf , and Σ are included to show the insensitivity of improve-
ment to a random component of the acoustic-velocity distribution.
(c) and (d) Images in which there are (c) 1% and (d) 3% errors in vp,
respectively. (e) Image in which Σ is scaled down by 10%. (f) Image
in which 20% random error is introduced in Σ.
known. Diﬀerent approaches to obtain vf , vp, and bound-
ary proﬁle Σ will be explored in Section VI. Here, we
will show the eﬀectiveness of our compensation method.
Figs. 10(b)–(f) show the images reconstructed from the
same data as in Fig. 10(a), but the reconstruction algo-
rithm used only vf , vp, and Σ to study the eﬀects of the
measurement errors in vf , vp, and Σ on the improvement.
In Figs. 10(b)–(f), the random component of the acoustic-
velocity distribution is ignored. In addition, vp is decreased
by 1% and 3% in Figs. 10(c) and (d), respectively; Σ is
scaled down by 10% in Fig. 10(e); and a 20% random er-
ror is introduced to Σ in Fig. 10(f). Figs. 11(a)–(f) are the
corresponding close-up images around the central tumor
in Fig. 10. The rp in these simulations is 0.6 of the breast
radius, and the distortion amplitude of the parenchyma
wall is 0.2.
1. Eﬀect of Errors in Velocities: There is little dif-
ference between the resolution of the reconstructed im-
ages when we consider [Fig. 11(a)] and do not consider
[Fig. 11(b)] the random component of velocity distribu-
tion, although the artifacts in the background in Fig. 11(b)
are a little stronger than those in Fig. 11(a). The good
resolution, after ignoring the random component of the
acoustic-velocity distribution in Fig. 11(b), can be ex-
plained by modifying (30) to:
w =
∫
B1B2
α(r′′)dlp, (31)
where α(r′′) = 1 − vs0/vp(r′′) and is spatially dependent;
the integration is over the line B1B2 in Fig. 7. It can be
found that the contributions of the random component of
velocity are canceled in some degree after the integration
over an acoustic ray.
Comparing Figs. 11(c) and (d) with Fig. 11(b), it can be
noticed that a 1% error in vp does not degrade the imaging
quality much, but a 3% error in vp greatly deteriorates
the imaging resolution and contrast. This is because in
our model the diﬀerence between vf and vp is about 7%
of their speeds, and a 3% error in vp actually accounts
for 42% of the diﬀerence between vf and vp. Therefore,
we conclude that an accuracy of 1% in the determination
of vp is suﬃcient for signiﬁcant improvement in imaging
resolution.
2. Eﬀects of Errors in Determining Σ: In the model
in Fig. 11(e), the boundary Σ is scaled down by 10%.
In Fig. 11(f), a random component is added to the real
boundary, which is implemented by multiplying the real
radii of a boundary with uniform random numbers within
[0.8, 1.2]. After comparing Figs. 11(e) and (f) with other
components of Fig. 11, it is found that compensation is
less sensitive to error in determining Σ as vp. This is be-
cause a 10% error, which is about 6 mm in the diameter
of the parenchyma wall, adds an error of at most 0.42 mm
to the PSW and BSW according to (30).
VI. Discussion
A. Eﬀect of Small Fat Lobules
In breast UT, centimeter-scale fat lobules in the
parenchyma tissue also can cause signiﬁcant distortion. In
breast TAT, the amplitude distortion due to centimeter-
scale fat lobules is estimated to be insigniﬁcant because of
the diﬀraction eﬀect, as discussed in Section III-A,2. For
example, substituting a = 1 cm, λ = 1.5 mm in (13), we
obtain a near-ﬁeld length of 6.7 cm. Therefore, no strong
amplitude distortion is expected when detectors are placed
farther than 6.7 cm from the lobule. In addition, Figs. 6
(b)–(d) show that the images of point sources outside an
acoustic heterogeneity are aﬀected little by the acoustic
heterogeneity due to the completeness of the π-view de-
tection in TAT. This explanation also can be applied to
the distortion caused by fat lobules. When a fat lobule
on one side of an acoustic source causes severe distortion,
the signals that are spared from severe distortion in other
directions still can produce good images.
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B. Determine vf and vp in Experiments
Our simulation results in Fig. 10(c) and Fig. 11(c) show
that a 1% error in vf and vp will lead to minor blurring
but that we still have enough deﬁnition to determine the
conﬁguration and location of the imaged objects. To de-
termine vf and vp within 1% accuracy, we can try dif-
ferent speeds around the averages, which are 1437 m/s
and 1546 m/s for fat and breast tissue, respectively, with
a step size of 1% velocity. Optimum speeds can be de-
termined by choosing the reconstructed image with the
sharpest parenchyma wall, because errors in vf and vp will
cause the spread of this boundary. Because the variations
of vf and vp between individuals are about 2% and 4%,
respectively, only 15 trials are needed to scan all the combi-
nations. Furthermore, the backprojection method [12] can
be used in each trial because the boundary of the recon-
structed image can be recovered well with this method [34],
[35]. Therefore, the additional computation cost in the tri-
als is estimated to be only double the total computation
complexity.
C. Determine Σ in Experiments
There are two ways to obtain Σ. The ﬁrst method uses
only TAT signals. It takes advantage of the fact that fat
and parenchyma have both acoustic and microwave con-
trasts. A TAT image is ﬁrst reconstructed with an acous-
tically homogeneous model. Then an approximate Σ can
be extracted from the image and plugged into an acousti-
cally heterogeneous reconstruction model to obtain a more
accurate TAT image. As shown in Fig. 6, the boundary
spread of the parenchyma wall in TAT images is at most
7% of its real size (if α = 0.07) when an acoustically homo-
geneous reconstruction model is used. Our studies of the
eﬀects on the reconstruction of the errors in the boundary
proﬁle, shown in Fig. 10(e) and Fig. 11(e), reveal that this
level of error has little eﬀect on the images reconstructed
from a heterogeneous model. We intend to implement this
method in our future work.
The second method for determining Σ is the coregistra-
tion of ultrasound B-scan imaging and TAT. In principle,
this can be accomplished in the same set-up. The TAT
data is acquired, then the transducers work in pulse-echo
mode to determine an approximate Σ. This boundary in-
formation can be included in the reconstruction algorithm
of TAT.
D. Diﬀerences Between TAT and UT
The studies we presented in Section III show that there
should be no severe amplitude distortion in breast TAT,
but severe amplitude distortion caused by refraction has
been observed in both narrowband and broadband breast
UT [15]. The diﬀerence between the eﬀects of acoustic het-
erogeneity on TAT and UT can be explained by the dif-
ferent central frequencies. In UT, the central frequency
is above 3 MHz, and in TAT the central frequency is be-
low 1 MHz. The higher frequency in UT results in stronger
wavefront distortion due to the following reasons. First, the
scattering eﬀect increases rapidly with frequency; second,
the minimum detection distance for avoiding strong am-
plitude distortion caused by an acoustic lens, which can be
a boundary segment or a small inclusion, extends farther
with increasing frequency. Substituting the following pa-
rameters for UT, lSB1 < 10 cm, λ = 0.5 mm, and α = 0.07
into (20), we have lB1D > 9.8 cm. We notice that the trans-
ducer or array was placed closer than the required distance
to the breast [15], [16]. Therefore, it is not surprising to
observe the strong interference eﬀect in UT.
Another important diﬀerence between TAT and UT is
that there is no speckle in our TAT images [11]. Speckle
is an important factor limiting the quality of pure ultra-
sonic imaging. In our technology, the detected signals are
primary acoustic waves rather than reﬂective or scattered
waves as in UT. Furthermore, the temporal frequency of
the acoustic signals lies in a range from 0 to 1.5 MHz,
which is only weakly scattered in the tissues. However, the
issue of image speckle in more realistic medical imaging
applications is a topic for future consideration.
E. Miscellaneous
Our analysis and numerical simulations have shown
that breast TAT images can survive acoustic heterogene-
ity. The ultimate test, however, will come from clinical ex-
periments on the breast in which the motion artifacts due
to breathing and cardiac movement may introduce blur-
ring. Such blurring of images is estimated to be on the
order of the movement amplitude. To correct the blurring,
we can monitor the breast motion, for example, placing
a microwave absorber on the breast surface as a marker.
Then the data on the breast motion can be used in the
reconstructions to shift the detectors’ positions and, con-
sequently, compensate for the breast’s displacement.
VII. Conclusions
The eﬀects of acoustic heterogeneity on TAT in the
breast are studied. Our analysis shows that the ampli-
tude distortion in the breast TAT is minor. There is no
multipath interference in the breast TAT with a convex
parenchyma wall, and the amplitude distortion also is not
severe for concave boundary, because the TAT signals are
broadband, have low central frequency, and experience
only one-way transmission through the parenchyma wall.
Therefore we consider only phase distortion in our numer-
ical studies. The numerical results on the spread of point
sources and boundaries caused by the phase distortion are
in good agreement with the predictions of the proposed
formula. It is shown that phase distortion can be com-
pensated for when complete or partial information on the
distribution of acoustic velocity in the breast is included in
the reconstruction. It is found that improvement in the re-
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sults is more sensitive to measurement error in vf , vp than
Σ. Based on this sensitivity study, an approach to imple-
ment our compensation method using only TAT data is
proposed. The diﬀerences between breast TAT and breast
ultrasound imaging in relation to the eﬀects of acoustic
heterogeneity and speckles are accounted for by diﬀerences
in their central frequency of ultrasound and detection con-
ﬁguration.
Appendix A
Derivation of (11)
Assume that the concave boundary can be approxi-
mated by an arch with a radius Rl > a, where a is half
the size of the boundary segment. Two rays are refracted
at points B1 and B2 in Fig. 4, where B2 has a small dis-
placement from B1 along the boundary. According to the
refraction law, we have:
sin θ1 = (1 − α) sinφ1,
cos θ1dθ1 = (1 − α) cosφ1dφ1,
(32)
where dφ1 is the diﬀerence between the incidence angles
of the two rays and dθ1 is the transmission one. They can
be expressed as:
dθ1 =
(
1 − Rl cos θ1
lB1D
)
dθ,
dφ1 =
(
Rl cosφ1
lSB1
+ 1
)
dθ,
(33)
where lSB1 and lB1D are the distances from the boundary
point B1 to source S and detector D, respectively, and
dθ = lB1B2/Rl. Combining the above equations, we have
the imaging formula for the boundary segment:
cos2
lSB1
+
cos2 θ1
lDB1(1 − α)
=
cos θ1/(1 − α) − cosφ1
Rl
.
(34)
Because in our breast model α ≈ 0.1 is small, the above
equation can be further simpliﬁed to (11) after using θ1 ≈
φ1.
Appendix B
Derivation of (30)
The ﬁrst iteration in TCG is equivalent to the back-
projection method [34]. In backprojection for an acousti-
cally homogeneous TAT, p(r, t), the signal detected at r
and time t is projected back to a sphere with a radius of
tvs0 and a center at r. It is shown that the boundaries of
objects can be reconstructed correctly with the backpro-
jection method [35]. Let us consider a model illustrated
in Fig. 7 to estimate the spread of source S along line
D1D2, where D1 and D2 are two detectors, S1 is the in-
tersection of D1D2 with the backprojection arch of the
signal transmitted by source S and detected by detector
D1, S2 is the corresponding one at D2, and Σ represents
the parenchyma wall. If there is no error in computing
TOFs, S1, S2, and S will be one point; therefore, a point
image of source S can be recovered. In an acoustically het-
erogeneous model, however, the ﬂight-time errors caused
by the approximation of vp by vs0 in the reconstruction
result in the splitting of S1 and S2 from S, where lS1S and
lS2S can be estimated by the multiplication of the ﬂight-
time errors with vs0, lS1S = lB1S(1 − vs0/vp) = αlB1S
and lS2S = lB2S(l − vs0/vp) = αlB2S . Combining them,
we have (30) for the spread width of source S along line
D1D2. Similar analysis can be applied to estimating BSW
as well.
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